Introduction
For N ≥ 1 and k integers, let S k (Γ 0 (N), C) denote the C-vector space of holomorphic cusp forms on the congruence subgroup Γ 0 (N) of SL 2 (Z) (for a definition, see for example the book containing [22] ). To an element f of some S k (Γ 0 (N), C) we can associate its q-expansion n≥1 a n (f )q n in C [[q] ], by noting that f , as a function on the complex upper half plane, is invariant under translation by all integers, and hence is a power series in q : z → exp(2πiz). So we have q-expansion maps:
which are injective. For Γ any subgroup of finite index of SL 2 (Z) and k an integer we have an analogous space S k (Γ, C). The C-vector spaces S k (Γ 0 (N), C) have natural Q-structures, i.e., sub Q-vector spaces S k (Γ 0 (N), Q) such that the natural maps from C ⊗ S k (Γ 0 (N), Q) to S k (Γ 0 (N), C) are isomorphisms. One way to define these Q-structures is to take the sub Q-vector space of f in S k (Γ 0 (N), C) whose q-expansion is in Q [[q] ]. Note that it is not a priori clear that these subspaces indeed are Q-structures. A second way to define the Q-structures is to let S k (Γ 0 (N), Q) be the space of global sections of the invertible sheaf of modules ω ⊗k (−cusps) on the Q-stack of generalized elliptic curves over Q-schemes with a Γ 0 (N)-level structure. The two Q-structures agree, but this is not a complete triviality; see below for more details. Loosely speaking, the two Q-structures come from q-expansions and algebraic geometry over Q. These two methods also give Z-structures. The two Z-structures do not always coincide.
The first aim of this article is not to study in general the differences between the two kinds of Z-structures, although this is an interesting problem. We restrict ourselves to the relatively simple case of forms of weight two, and we study the differences between the two Z-structures, at primes whose square does not divide the level. The main reason to study just this case is its application in the article [1] , where our results are used to obtain information about "generalized Manin constants". Another reason is that more general cases are more difficult to treat, and lead to results that are more complicated.
At the prime 2 the difference between the two Z-structures that we study can be bigger than at other primes. This special behaviour, caused by the Hasse invariant being of weight one, is related to spaces of modular forms modulo 2 of weight one (defined as by Katz, i.e., mod 2 forms that cannot necessarily be lifted to characteristic zero). As a byproduct of our work we find a description of these spaces of weight one forms purely in terms of the integral Hecke algebra associated to weight two cusp forms, together with the Atkin-Lehner involution W 2 . These data can be computed from the singular homology group H 1 (X 0 (N)(C), Z), for example using modular symbols algorithms. Section 3 gives this description, as an F 2 -vector space equipped with Hecke operators T n for odd n.
In Section 4, we give another (more general) description of spaces of mod p modular forms of weight one in terms of a Hecke algebra associated to forms of weight p, based on properties of the derivation qd/dq. Theorem 4.9 gives a description of the F p -vector spaces of cusp forms of weight one on Γ 1 (N) with a fixed character, equipped with all Hecke operators, in terms of data that can be computed using modular symbols. Section 5 contains a result that says that some mod p Hecke algebras can be computed using parabolic group cohomology with coefficients mod p. Finally, in Section 6, we give a result about eigenspaces.
It should be said that there are published methods about how one can compute spaces of weight one modular forms, and even some tables. For example there are the methods described in [34] (see also [9] ). But those methods are aimed at computing spaces S 1 (Γ 1 (N), ε, C) of characteristic zero forms of weight one. It seems that the methods as in [34] can be adapted to compute spaces of Katz's modular forms mod p, but that, at least for small p, they are less directly related to Hecke algebras that one can easily compute using group cohomology or modular symbols algorithms.
The results in this article (especially the part about computing spaces of mod p weight one forms) are not so original. The methods employed are due for a large part to Katz, and Deligne and Rapoport, and some ideas are already implicitly contained, in special cases, in [9] . But on the other hand there seem to be no tables of mod p modular forms of weight one, and worse, no published algorithm, to compute such tables. We hope that the results of the last three sections will be used for computations. It would be interesting to know if the examples of non-Gorenstein Hecke algebras found by Kilford (see [33] and [38, §3.7 .1]) can be "explained" by weight one phenomena. Another example is the question whether the mod 2 Galois representation associated to a mod 2 eigenform of weight one is unramified at 2, even if one is in the exceptional case (see [21, Prop. 2.7] , the end of the introduction of [21] and [10, Cor. 0.2] ). Finally, one could test the question of existence of companion forms in the exceptional case when p = 2 (see [27] and [10] ).
Already in 1987, Mestre wrote a letter to Serre in which he described the results of computations that he had done on weight one forms mod 2 on Γ 0 (N) with N prime. His method (suggested to him by Serre) is the one described here in detail (and with justification) in Section 4 (although he probably computed the weight two Hecke algebra using the so-called "graph method"). The aim of Mestre's computations was to test the idea that weight one forms mod p as defined by Katz should correspond to odd irreducible Galois representations mod p that are unramified at p. The most interesting results are some examples of mod 2 eigenforms of weight one whose associated Galois representations have image SL 2 (F 8 ). After this article (without the appendices) was completed in March 2002, I asked Mestre about these examples. He then sent me a copy of his letter, and it seemed appropriate to include it as an appendix to this article. But then the results should be verified in some independent way. That task has now been completed by Gabor Wiese, using MAGMA and Stein's package HECKE. The second appendix gives an account of Wiese's computations.
I thank Amod Agashe and William Stein for asking me about differences between Zstructures, and for motivating me enough to write up the results below (and I apologize to them for taking so much time). I thank Kevin Buzzard and Christophe Breuil for their corrections and comments on a first version of this text. I thank Gabor Wiese for pointing out some mistakes, for discussions on this subject, and for his work on the appendix that he has written. Finally, I thank Jean-François Mestre for letting me include his letter to Serre as an appendix.
Comparison of two integral structures

2.1
Let N ≥ 1 be an integer. For A a subring of C, we let
. We want to compare the Zmodule S 2 (Z) with another one that comes from algebraic geometry over Z. Let X = X 0 (N) be the modular curve over Z that is the compactified coarse moduli scheme for elliptic curves with a given cyclic subgroup scheme of rank N, as constructed and described in the book by Katz and Mazur [32] . Let J be the Néron model over Z of the jacobian variety of X Q (see [3] for generalities about Néron models, and [3, Thm. 9.7] for some special results in the case of modular curves). Then J is a smooth group scheme over Z, of relative dimension the genus of X Q , and its cotangent space at the origin
with Ω 1 the O X Q -module of Kähler differentials. The Kodaira-Spencer isomorphism identifies
. We want to compare the sub Z-modules S 2 (Z)
and Cot 0 (J) of S 2 (C). In order to do this we use the following algebraic interpretation of the q-expansion map.
The standard cusp ∞, that corresponds to the generalized elliptic curve P 1 Z with its points 0 and ∞ identified and equipped with its subgroup scheme µ N in the terminology of Deligne and Rapoport [14] , is a Z-valued point of X, i.e., an element of X(Z). The Tate curve G m /q Z over Z((q)) gives an isomorphism from the formal spectrum of Z [[q] ] to the completion of X along ∞ ( [32, Ch. 8] and [20, §1.2] ). In particular, the image of ∞ lies in the open subscheme X sm of X on which the morphism to Spec(Z) is smooth. A differential form ω on some open neighborhood of ∞ in X can be expanded (uniquely) as n≥1 a n (ω)q n (dq/q), with the a n in Z.
In the same way, we have a q-expansion map from
The following result is well-known, but we give a proof anyway. It will allow us to view S 2 (Z) as the subset of elements of H 0 (X Q , Ω 1 ) that satisfy some integrality condition at all prime numbers p.
Proposition 2.2
The sub Q-vector spaces S 2 (Q) and H 0 (X Q , Ω 1 ) of S 2 (C) are equal.
Proof. We follow the arguments used by Katz in [30, 1.6] , and by Deligne and Rapoport in [14, VII, 3.9] . The q-expansion map from
So it remains to prove the other inclusion. Let a n q n be in S 2 (Q), and let ω = a n q n dq/q in Ω 1 (X C ) be its associ-
implies that a n q n is actually in
We consider the following commutative diagram:
The two rows are exact, and the three vertical arrows are injective (use that X Q is integral, that Ω 1 X Q /Q is a line sheaf, and that the functors C ⊗ − and (C/Q) ⊗ − are exact). The statement is now obvious.
Proposition 2.3 The sub
Proof. We have to show that the q-expansion of an element of Cot 0 (J), viewed as an element of
with Cot 0 (J) (use that the elements of
is given by pullback via the morphism X Q → J Q that sends an 
2.4
Our aim is to compare S 2 (Z) and Cot 0 (J), so we have to describe the quotient S 2 (Z)/ Cot 0 (J). As this quotient is torsion, it is the direct sum over all prime numbers p of its p-primary part. We will give a description of the p-primary part for p such that p 2 does not divide N (recall that X = X 0 (N)).
By definition, S 2 (Z) is the subset of elements of H 0 (X Q , Ω 1 ) that satisfy certain integrality conditions at all prime numbers p. More precisely, for ω in S 2 (Z) and p prime, the condition is that the q-expansion of ω at the cusp ∞, which is an element ( n≥1 a n q
satisfies v p (a n ) ≥ 0 for all n. Our first step is to reinterpret these integrality conditions geometrically, as in [14, VII, Thm. 3.10] . Let η denote the generic point of X. We note that Ω 1 X sm /Z is an invertible O X sm -module. Hence, to each element ω of Ω 1 X/Z,η we can associate its multiplicity v C (ω) along each prime divisor C of X sm . This multiplicity is defined as v η C (f ), where η C is the generic point of C, v η C the discrete valutation on the discrete valuation ring O X,η C , and ω = f ·ω C with Ω
In these terms, we have:
In order to relate the integrality conditions on q-expansions to the v C (ω), we look at what happens under completion at some closed point. Let x be a closed point of X sm . Then O X,x is a two-dimensional regular noetherian local ring, and since X → Spec(Z) is smooth at x, it has a system of parameters of the form (p, t), with p a prime number. 
] as a n t n (with the a n in W (k)). Then we see that m = min n v p (a n ) (use that the image of
If we take for x the cusp ∞ in X(F p ) for some prime number p, the discussion above gives that the integrality condition at p for ω in
with C the irreducible component of X Fp that contains ∞. This proves the following proposition.
Then ω is in S 2 (Z) if and only if for every prime number p it has multiplicity ≥ 0 along the irreducible component of X Fp that contains ∞. In other words:
, with X ∞ the complement in X of the union of all the irreducible components of all X Fp that do not contain ∞.
2.6
It may come as a surprise that, with this characterisation, S 2 (Z) is a finitely generated Zmodule, since X ∞ is not proper if N = 1. But it is not hard to show that for C and C ′ irreducible components of the same X Fp , the differences |v
, are bounded uniformly in ω. In fact, after choosing an extension of Ω 1 X∞/Z to an invertible O Xmodule L (after a resolution of singularities, if necessary), one obtains a bound that depends only on the combinatorial data: the dual graph plus intersection numbers, multiplicities, genera and degrees of restrictions of L associated to X Fp and L. Such bounds imply that
The computations that we will do below are an explicit and exact version of the proof just alluded to, but in a simple case. We note that in [14 So suppose from now on that p is a prime dividing N exactly, i.e., such that N/p is not divisible by p. Then X is semistable at p; in particular, X Zp is normal. Its fibre X Fp has two irreducible components, C ∞ and C 0 , both isomorphic to X 0 (N/p) Fp (and hence smooth), with C ∞ containing the cusp ∞, and hence C 0 the cusp 0. The intersection C ∞ ∩ C 0 consists of the supersingular points on C ∞ and C 0 , and the intersections are transversal. We identify C ∞ with X 0 (N/p) Fp via the following construction:
where E/S/F p is an elliptic curve over an F p -scheme, where G is a cyclic subgroup scheme of rank N/p of E/S, and where F : E → E (p) is the Frobenius morphism of E over S. Likewise, we identify C 0 with X 0 (N/p) Fp as follows:
where V :
Let Ω be the dualising sheaf for X Zp over Z p (see [35] for a discussion of this sheaf in the context of semi-stable modular curves). Then Ω is the direct image of Ω 1 X sm Zp /Zp via the inclusion of X sm Zp into X Zp , and it is an invertible O X Zp -module. We have:
Let ω be a non-zero element of H 0 (X Qp , Ω). We want to bound |v C∞ (ω) − v C 0 (ω)|, since the exponent of p in the exponent of the quotient S 2 (Z)/ Cot 0 (J) is the maximal value of this expression over all ω. The automorphism W N of X interchanges ∞ and 0, so we may as well suppose that v C 0 (ω) = 0 and that m := v C∞ (ω) ≥ 0. Then the restriction ω| C 0 is a non-zero section of Ω| C 0 , and the fact that ω has a zero of order m along C ∞ implies that Ω| C 0 has zeros of at least some order at the supersingular points. As the number of zeros cannot exceed the degree of Ω| C 0 , we will get an upper bound for m.
There is now a minor problem: X Zp is not necessarily regular, and also, the degree of Ω| C 0 is easier to relate to the number of supersingular points if we are working on a fine moduli space. So we choose to work on some cover X ′ of X Zp , say obtained by adding, to the Γ 0 (N)-structure, 
where we have used the equality 
2.8
Our next aim is to describe the cokernel more precisely, at least if p = 2. But let us first compare Proposition 2.7 with [14, VII, Prop. 3.20] . It is clear that that result, stated for modular forms on Γ 0 (p), remains true if one adds prime to p level structure (the same proof works). It says that for a non-zero weight k form on Γ 0 (N) with coefficients in Q, corresponding to an element f of H 0 (X ′ , ω ⊗k ), one has:
This result is not symmetric in C ∞ and C 0 because the sheaf ω is not: the j-invariant is separable on C ∞ , and inseparable on C 0 . Proposition 2.7 can be deduced from this inequality, if one takes into account in its proof that f is a cuspform, and that the Kodaira-Spencer morphism ω ⊗2 → Ω 1 (cusps) on X ′ has a zero of order one along C ′ 0 . This last fact can be seen by looking at the cusps, via the Tate curve:
Let us now try to determine the p-part of S 2 (Z)/ Cot 0 (J) more precisely. Both S 2 (Z) and 
We have an exact sequence:
On the other hand, suppose ω is in
Then we have an element, call it (0, ω), of H 0 (X Fp , Ω) whose restrictions to C ∞ and C 0 are 0 and ω, respectively. The fact that Ω is the dualising sheaf implies that the formation of its cohomology commutes with the base change Z p → F p , and hence that (0, ω) is the reduction mod p of an element, ω say, in
Then ω is the image of p −1 ω, in the exact sequence above. We have now proved the first claim of the following proposition.
Proposition 2.9
Let N ≥ 1 be an integer and let p be prime that exactly divides N. Then the construction above gives an isomorphism between
if n is prime to p, and 0 if n is a multiple of p.
Proof. It remains to prove the second claim. Let l be a prime number, and let ω be in
Going through the construction of the isomorphism above, one finds that the endomorphism
with restrictions 0 and ω to C ∞ and C 0 , respectively. If l is not equal to p, this means that
Finally, we investigate what happens at 2. We will prove the following result.
Proposition 2.10
Let N ≥ 1 be an integer. Suppose that 2 exactly divides N, and that N is divisible by a prime number q ≡ −1 modulo 4 (this last condition means that no elliptic curve over F 2 equipped with a cyclic subgroup of order N/2 has an automorphism of order 4). Let M denote the 2-part of S 2 (Z)/ Cot 0 (J). Then:
where S 1 (Γ 0 (N/2), F 2 ) Katz denotes the F 2 -vector space of weight one cusp forms on Γ 0 (N/2) over F 2 , defined as by Deligne and Katz (see [30] , [21, §2] or [22, §1] and the references therein for a definition and properties of Katz's modular forms). For n ≥ 1, the endomorphism T n of
Katz if n is odd, and 0 if n is even.
Proof. The statements concerning M[4] and M[2]
have already been proved in Propositions 2.7 and 2.9, and hence are even valid without the extra condition on N/2. It remains to prove the description of M/M [2] , and the action of T n on it. Suppose that ω is an element of
is an element of H 0 (X Z 2 , Ω) with at least a double zero along C ∞ . A local computation shows
We get a map:
with kernel the submodule of ω with v C 0 (ω) ≥ −1. We will show that this map is surjective. For this we will work on a suitable cover of X Z 2 . Let Z 4 be the unramified quadratic extension of Z 2 . Then the map 2.10.1 is surjective if and only if its analog after base change to Z 4 is. Fix an element ζ of order three in Z * 4 and let X ′′ → X Z 4 be the cover obtained by adding a full level three structure with Weil pairing ζ. Let X ′ → X Z 4 be the cover obtained by dividing out the action of the Sylow 2-group of SL 2 (F 3 ). Then X Z 4 is the quotient of X ′ by the action of the quotient G of order three of SL 2 (F 3 ). Our hypothesis that N is divisible by a prime number that is −1 modulo 4 implies that X ′′ → X ′ is etale, hence that X ′ is regular. We denote by C Let ω be in
(−S)) will still be denoted by ω. Suppose that we have an element
Normality of X Z 4 and the fact that η extends in codimension one imply that η is in
(we note that we did not use that the G-action is tame). Hence it suffices to show that there is a G-invariant element ω of H 0 (X ′ , Ω) that has at least a double zero along C ′ ∞ , and whose restriction to C ′ 0 is ω. The last two of these properties of such an ω can already be seen from its restriction to X ′ Z 4 /4Z 4 , and if ω does satisfy them, then so does its projection to the G-invariants (here we use that G has order prime to 2). As H 1 (X ′ , Ω) is torsion free, the reduction map from
, Ω) is surjective. Let (0, ω) be the section of Ω on the closed subscheme of X ′ defined by I . The short exact sequence of sheaves corresponding to our lifting problem is:
with Ω. So all we have to show is that the map from
, so that its H 1 is F 4 , and
) also has dimension one over F 4 (use a suitable short exact sequence
Let C ′′ 0 → C 0 be the cover obtained by adding a full level three structure to Γ 0 (N/2). Then, by our hypotheses on N, the morphism C ′′ 0 → C 0 is not wildly ramified. Let now G denote the group GL 2 (F 3 ), which acts on C ′′ 0 , and on the universal generalized elliptic curve with level structure over it. It follows that:
By definition, we have:
The Kodaira-Spencer isomorphism and the Hasse invariant, which both exist on C ′′ 0 and are G-equivariant, finish the proof of the equality.
The determination of the endomorphism of
(−S)) induced by T l (with l a prime number) is done in the same way as in the proof of 2.9, and we don't repeat it. To describe it on S 1 (Γ 0 (N/2), F 2 ) Katz one uses the formulas relating Hecke operators and q-expansions, and one uses that T 2 acts as zero.
3 Computation of spaces of forms of weight one: first method.
3.1
Proposition 2.10 leads to an algorithm to compute, for each N satisfying the hypotheses of that proposition, the F 2 -vector space S 1 (Γ 0 (N/2), F 2 ) Katz with the action of T n for all n prime to 2. Let us explain this.
Let N satisfy the hypotheses of Proposition 2.10, and let T be the Hecke algebra associated to S 2 (Γ 0 (N), Z), i.e., the sub Z-algebra of End(S 2 (Γ 0 (N), Z)) (or of End C (S 2 (Γ 0 (N), C)), it gives the same algebra) generated by all T n , n ≥ 1. Then we have a Z-valued pairing between S 2 (Γ 0 (N), Z) and T, given by (f, t) → a 1 (tf ). As a 1 (T n f ) = a n (f ) for all n and f , this pairing is perfect. Hence, as a T-module, S 2 (Γ 0 (N), Z) is isomorphic to the Z-dual T ∨ of T. Let W 2 be the Atkin-Lehner involution that acts on S 2 (Γ 0 (N), C); as it is induced by an automorphism of X 0 (N) Z 2 that interchanges the components C ∞ and C 0 , we have:
Hence:
We define a T-module M by:
where the last intersection can be taken in Q ⊗ T ∨ . Then, by Proposition 2.10 we have an isomorphism of F 2 -vector spaces:
3.2
The theory of modular symbols (see [11] , [36] or William Stein's modular forms database web pages) allows one to compute with H 1 (X 0 (N)(C), Z). In particular, one can compute the Hecke algebra T as well as the involution W 2 . Here it is useful to note that the T n with n ≤ 6 −1 N p|N (1 + p −1 ) generate T as a Z-module: see [2] (which is a simple application of [41] ). Hence one can compute M and so one gets S 1 (Γ 0 (N/2), F 2 ) Katz with the Hecke operators T n with n odd. The methods of this section can be generalized to mod 2 modular forms on Γ 1 (N), with N odd, by considering the space S 2 (Γ 1 (2N), C). They can also be generalized to an arbitrary prime number p, by considering the spaces S p (Γ 0 (p) ∩ Γ 1 (N), C) with N prime to p. But because of the next section, we think that this is not worth the effort. The results of this section can be used to check some special cases of the results of the next section.
In the next section we will present yet another way to compute more generally the spaces Katz , this time with all Hecke operators, and also in a way that should allow for a simple implementation starting from William Stein's Magma package Hecke.
In a sense, our method described in this section uses the Hasse invariant, which is a very natural modular form modulo p. As it is of weight p − 1, multiplication by it gives a way for passing from weight one forms to weight p forms. In the next section, we also use that if f is a weight one form, then f p is a weight p form.
4 Spaces of forms of weight one: second method.
4.1
Let p be a prime number, and N ≥ 1 an integer prime to p. For any integer k and any finite extension F of F p we have the F-vector space S k (Γ 1 (N), F) Katz of cuspidal modular forms on Γ 1 (N) of weight k and with coefficients in F; we refer (again) to [21, §2] or [22, §1] for a definition and a description. These spaces are associated to the moduli problem [Γ 1 (N)] F of elliptic curves with a given point of order N. Because of rationality properties of the unramified cusps, we will also consider the spaces S k (Γ 1 (N), F) ′ Katz of Katz modular forms associated to the moduli problem [Γ 1 (N)] ′ F of elliptic curves with an embedding of the group scheme µ N as for example in [27] . It is an advantage to have the unramified cusps rational, because the Hecke correspondences T n decrease the ramification of the cusps, hence map unramified cusps to unramified cusps. We let X 1 (N) Katz are isomorphic, but we will not use this fact. We have:
As F is flat over F p , we have:
Let ε : (Z/NZ) * → F * be a character with F a finite field of characteristic p. For any integer k we
character ε, and with coefficients in F; it is the subspace of
Katz is zero. We have F p -linear maps:
where A is the Hasse invariant. In terms of q-expansion at the standard cusp one has a n (Af ) = a n (f ) and a n (F (f )) = a n/p (f ) p = a n/p (f ) for all f and n, where a n/p (f ) has to be interpreted as zero if n/p is not integer. (If one works with
the a n (f ) lie in F p (ζ N ) and a n/p (f ) p is not necessarily equal to a n/p (f ).) It follows that both A and F are injective. Combining A and F gives a map:
A computation using the usual formula a n (T l f ) = a nl (f ) + l k−1 a n/l ( l f ), valid for f a modular form of weight k > 0, n integer and l any prime (with l = 0 if l divides the level), shows that for a in (Z/NZ) * , and l = p prime:
The maps obtained from A, F and φ via extension of scalars via F p → F will be denoted by the same symbols. The compatibility of φ with the diamond operators gives an injective F-linear map:
The image of this map F is exactly the subspace of g such that a n (g) = 0 for all n not divisible by p. In order to get an effective description of this image we will use the derivation θ that was constructed by Katz in [31] . In our situation, we have an F-linear map:
Katz and all n ≥ 1 we have: a n (θ(g)) = na n (g),
i.e., θ acts on q-expansions as qd/dq. For modular forms of arbitrary weight, the usual θ raises the weight by p + 1, but for g of some weight pk, the resulting form of weight pk + p + 1 has zeros at the supersingular points, hence can be divided by the Hasse invariant: see the proof of [31, Lemma 3] . The image of F above is the kernel of θ. The fact that the target of θ is S p+2 (Γ 1 (N) , ε, F) ′ Katz leads to an effective description of its kernel.
Proposition 4.2
With the notation as above, let g be in S p (Γ 1 (N), ε, F) ′ Katz and put:
Suppose that a n (g) = 0 for all n ≤ B that are not divisible by p. Then there is a unique f in 
, where the product is taken over the primes l dividing N. It follows that the degree of ω ⊗p+2 on the stack
It follows that θ(g), as a section of ω ⊗p+2 , cannot have more zeros than this degree. We know that θ(g) has a zero of order at least B +1 at the cusp ∞, and as it is an eigenform for all a with a in (Z/NZ) * , the same is true at the cusps in the Z/NZ-orbit of ∞.
One checks that these zeros imply that the divisor of θ(g) has degree at least φ(N)(B + 1)/2.
(As we are working on a stack, we have to divide the order of a zero at a point x by the order of Aut(x) in order to get the contribution of x to the degree of the divisor.) Our choice of B implies that the divisor of θ(g) (if non-zero) has degree greater than the degree of ω ⊗p+2 , which means that θ(g) = 0.
Remark 4.3
In the proof of Proposition 4.2 we have not used that g vanishes at the cusps other than those in the (Z/NZ) * -orbit of ∞. Hence the result can be improved a little bit, if necessary.
If one knows moreover that g is an eigenform for Atkin-Lehner (pseudo) involutions, one can replace B by B/2 r , where r is the number of different primes dividing N.
Before we go on, let us record another useful consequence of the existence of θ.
Proposition 4.8
Let N ≥ 1 and k be integers. Let T be the subring of End C (S k (Γ 1 (N), C)) generated by the T n , n ≥ 1. Then T contains the a for all a in (Z/NZ) * , and is generated as Z-module by the T n . The pairing:
to Z is perfect, and gives an isomorphism of T-modules:
Proof. For k ≤ 0 the space of cusp forms is zero, and the result is trivially true. So we suppose that k ≥ 1. The fact that T contains all a is well known: one uses that for all prime numbers l one has l k−1 l = T 2 l − T l 2 , and one takes two distinct primes l 1 and l 2 that both have image a in Z/NZ. The fact that the T n generate T as a Z-module follows from the formula that expresses a product T n T m as the sum d d k−1 d T nm/d 2 over the positive common divisors of n and m that are prime to N. To prove the second statement, one uses the formula a n (f ) = a 1 (T n f ) and that
Theorem 4.9 Let N ≥ 5 be an integer, p a prime number not dividing N, F a finite extension of F p and ε : (Z/NZ) * → F * a character. Let T be the subring of End C (S p (Γ 1 (N), C)) generated by the T n , n ≥ 1. Put B := p+2 12 N l (1 + l −1 ), with the product taken over the prime divisors of N. Let L ε be the sub F-vector space of f in F ⊗ T ∨ = Hom(T, F) that satisfy:
For f in L ε one has f (T n ) = 0 for all n not divisible by p. For such an f , we have
The subspace L ′ ε is stable under all T l with l = p prime, and by T
there is an isomorphism of Hecke modules between S 1 (Γ 1 (N), ε, F) ′ Katz and L ′ ε , with T l for l = p prime corresponding on both sides, and
In terms of q-expansions: there is an isomorphism (unique) of F-vector spaces between
Proof. Everything follows directly from the previous propositions in this section, so we just say how those are combined. The image of S 1 (Γ 1 (N), ε, F) It may be of interest to note that twisting modular forms by Dirichlet characters can be used in order to reduce the number of characters ε for which one needs to compute S 1 (Γ 1 (N), ε, F) Katz . For example, when p = 2, all characters are squares, and twisting can be used to reduce to forms with trivial character (but possibly a higher level).
For convenience of the reader we also state a version of Theorem 4.9 where the character is not fixed.
Theorem 4.10
Let N ≥ 5 be an integer, and p a prime number not dividing N. Let T be the subring of End C (S p (Γ 1 (N), C)) generated by the T n , n ≥ 1. Put B ′ := p+2 24
with the product taken over the prime divisors of N. Let L be the sub F-vector space of f in F ⊗ T ∨ = Hom(T, F) that satisfy:
For f in L one has f (T n ) = 0 for all n not divisible by p. For such an f , we have
The subspace L ′ is stable under all T l with l = p prime, and by T
Then there is an isomorphism of Hecke modules between S 1 (Γ 1 (N), F p ) Katz and L ′ , with T l for l = p prime corresponding on both sides, and
In terms of q-expansions: there is an isomorphism (unique) of F p -vector spaces between
Proof. One just adapts the proof of Theorem 4.9. The value of B ′ is gotten by inspection of the proof of Proposition 4.2.
For the sake of completeness, we include the following result.
Proposition 4.11
Let N ≥ 1 and k be integers. Then the Hecke operators T n (n ≥ 1) and diamond operators a (a in (Z/NZ) * ) generate the same ring of endomorphisms T in
Katz , and these two T-modules are isomorphic. 
and verify that tt ′ = −p.
In the case of a prime power one uses the intermediate fields and the extraction of pth roots. The general case is treated by reduction to the prime power case. 5 Some remarks on parabolic cohomology with coefficients modulo p. 
with the subscript "c" standing for compactly supported cohomology. Let j denote the inclusion of Y 1 (N) Q into X 1 (N) Q . Then one has:
The Shimura isomorphism is the Hodge decomposition (see [17, §12] ):
It follows that the Hecke correspondences and diamond operators generate the same sub Z- C) ). The Hecke modules H 1 par (Y 1 (N)(C), F k ) can be interpreted in group cohomological terms. To be precise, we mention that:
and that the submodule H 1 par (Y 1 (N)(C), F k ) is obtained as the subgroup of elements of
) whose restriction to all unipotent subgroups of Γ 1 (N) is zero (see for example [17, §12.2] ). For more details on this, especially in relation to Serre's conjectures in [40] , one may consult [28] . For p and k with p a prime not dividing N and
is free, and the morphism:
is an isomorphism. (To prove this, one uses among other things that the monodromy of R 1 π * Z E at a cusp is given, up to conjugation, by some ( 1 d 0 1 ), with d dividing N, hence prime to p.) The descriptions of spaces of mod p modular forms of weight one given in Theorems 4.9 and 4.10 are in terms of the F p -algebra F p ⊗ T (N, p) . In view of the isomorphism (5.1.4) one would hope that
generated by the T n and a . But some thinking shows that it is not clear at all whether or not
∨ , when k ≥ 2, some integral p-adic Hodge theory should be applied at this point. The usual theory forétale cohomology and analytic theory give isomorphisms of T(N, k)-modules:
where F k,p is the mod pétale counterpart of F k .
Theorem 5.2
Let N ≥ 5 and k ≥ 2 be integers, and p a prime number not dividing N.
It follows that, for
by the a (a in (Z/NZ) * ) and T n (n ≥ 1), and, in fact,
is generated as an F p -vector space by the a (a in (Z/NZ) * ) plus the T n ,
Proof. Let us first deal with the case 2 ≤ k < p. We follow Fontaine and Laffaille as in [25] , adapting it to the special case that we need, and using some notation as in [23] . We let MF In order to relate this functor V to our problem, we can refer to work of Faltings and Jordan ( [23] and [24] ), or of Fontaine and Messing and Kato (see [26] , [29] , or better, the introduction of [5] ). In the latter case one has to use the description of
, where E k−2 is the proper smooth Z[1/N]-model of the k − 2-fold power of the universal elliptic curve over Y 1 (N), as described in Deligne [13] and Scholl [39] . In both cases, one gets the result that (Y 1 (N) Q p ,et , F k,p ) . Now suppose that k = p = 2. Let J denote the jacobian of the curve X 1 (N) over Z 2 . Then H 1 (X 1 (N)(C), F 2 ) is the same as H 1 (X 1 (N)(Q), F 2 ), and as H 1 (X 1 (N)(Q 2 ), F 2 ), after a choice of embeddings of Q into C and Q 2 . Hence, as T(N, 2)-modules,
, the group of Q 2 -points of the 2-torsion subgroup scheme of J. Suppose now that an element t of T(N, 2) acts as zero on . But then t acts as zero on the tangent space
contains the kernel of the Frobenius endomorphism of J F 2 , we have
-module is known to be free of rank one, because:
Hence the image of t in F 2 ⊗ T(N, 2) is zero. The first claim of Theorem 5.2 has now been proved. The claim that F p ⊗ T(N, k) is the subalgebra of endomorphisms generated by Hecke correspondences is an immediate consequence. The last statement then follows from the fact that T(N, k) is generated as Z-module by the a (a in (Z/NZ) * ) and the T n with 1 ≤ n ≤ 12 −1 kN l|N (1 + l −1 ), which is proved by an argument similar to [2] , see also the proof of Proposition 4.2.
Remark 5.3 We do not know if H
and p a prime not dividing N. We strongly suspect that this is true and that it can be proved by the usual reduction to weight two, by working with X 1 (Np), as for example in [27] and [21] . Of course, it would be nicer to have a more direct proof in terms of p-adic Hodge theory. In this case there still is an exact faithful functor V from
However it seems not be be known if V satisfies this property (see the first sentence after Theorem 3.2.3 in [6] ).
We note that for 2 ≤ k < p, much more is known about ⊗ T(N, k) )/m) is irreducible, one knows that (F p ⊗ T (N, k) ) m is Gorenstein, and with H 1 par (Y 1 (N)(C), F p ⊗ F k ) m free of rank two over it. In a lot of cases one even knows that (F p ⊗ T(N, k)) m is a complete intersection, see [16] , and also [15] .
5.4
The most interesting case for the study weight one forms mod p is when p = 2. Firstly, the exceptional case in Serre's conjectures has not been proved and should be subject to some experimental checking. To be precise, let ρ : G Q → GL 2 (F 2 ) be a continuous irreducible representation that is modular of some type, and unramified at 2. If ρ(Frob 2 ) has a double eigenvalue, then it is not known whether ρ comes from a form of weight one (see the introduction of [21] ). If ρ(Frob 2 ) is scalar, then it is not known whether ρ comes from the expected level (see [7] and Theorem 3.2 in [8] ). Secondly, when p = 2 there is no distinction between even and odd Galois representations mod p, hence mod 2 modular forms conjecturally lead to all continuous irreducible representations from G Q to GL 2 (F 2 ). In this case, one may want to investigate the spaces S 1 (Γ 0 (N), F 2 ) Katz of modular forms on Γ 0 (N), with N odd. (Note that the character of a non-zero mod p form of weight one is necessarily non-trivial if p = 2.) Working directly with Γ 0 (N) has the advantage of being computationally faster, and maybe easier. So it is useful to know the relations between the spaces S 2 (Γ 0 (N), F 2 ) Katz (that give us the S 1 (Γ 0 (N), F 2 ) Katz ) and H 1 (Γ 0 (N), F 2 ) (that one can compute). As usual, such relations are given via their algebras of endomorphisms generated by Hecke operators.
have the same non-Eisenstein systems of eigenvalues for all T n , n ≥ 1. (A system of eigenvalues is called Eisenstein if its associated Galois representation is reducible.)
Proof. Let T denote T(N, 2), i.e., the ring of endomorphisms of S 2 (Γ 1 (N), C) generated by the T n (n ≥ 1) and the a (a in (Z/NZ) * ). Let I be the ideal in T generated by the a − 1
, and:
It follows that the algebra of endomorphisms of
On the group cohomology side we have an exact sequence (coming from the HochschildSerre spectral sequence), with ∆ := (Z/NZ) * :
As the outer two terms are Eisenstein, we get an isomorphism between the middle two after localising away from the Eisenstein maximal ideals. Hence the natural map from
∆ becomes an isomorphism, after localising away from the Eisenstein maximal ideals. Theorem 5.2 says that the algebra of endomorphisms of Proof. We keep the notations of the previous proof. We start working on the modular forms side. As X 1 (N) F 2 → X 0 (N) F 2 is not wildly ramified, we have:
In the previous proof we have seen that
On the other hand we have:
It follows that Z (2) ⊗ T/I is a free Z (2) -module. Let T 0 be the image of T in the ring of endomorphisms of S 2 (Γ 0 (N), Z). As S 2 (Γ 0 (N), Z) = (T/I) ∨ , we see that T 0 is the quotient of T/I by its ideal of torsion elements. It follows that the natural map T/I → T 0 becomes an isomorphism after tensoring with Z (2) . We have now shown that the Hecke algebra of
Let us now consider the group cohomology side. The action of Γ 0 (N) on H factors through the quotient Γ 0 (N)/{1, −1}, and we have an exact sequence:
with the last term a module with Eisenstein Hecke eigenvalues. The stabilizers for the action of Γ 0 (N)/{1, −1} on H are of odd order, hence the natural map from
is an isomorphism. Hence, after localising away from the Eisenstein maximal ideals, H 1 par (Γ 0 (N), F 2 ) and H 1 (X 0 (N)(C), F 2 ) are the same. But the latter is a faithful 6 Eigenspaces in weight p and eigenforms of weight one.
6.1
The results of Section 4 make it possible to compute the spaces S 1 (Γ 1 (N), F p ) Katz , with N ≥ 5 and p a prime not dividing N, as Hecke modules. This is useful if one is interested in ring theoretic properties of the associated Hecke algebras. Sometimes, one is just interested in the systems of eigenvalues. The aim of this section is to give a result about eigenspaces. Proposition 6.2 Let N ≥ 1 be an integer, p a prime number that does not divide N, and ε : (Z/NZ) * → F * p a character. Let V be a common non-zero eigenspace in S p (Γ 1 (N), ε, F p ) Katz for all T l , l = p prime. Let a denote the system of eigenvalues attached to V : T l acts as a l on V . Then V is of dimension at most two. If dim(V ) = 1, then a does not occur in Katz attached to a is of dimension one. In this case, the T p eigenvalue of V 1 is the trace of T p on V .
Proof. We consider q-expansions at the standard cusp, and use the formulas for the action of the T n and a . Let V be as in the proposition. Let d be the dimension of V . As T p commutes with all T l , T p acts on V , hence V contains a non-zero eigenvector f for all T n (n ≥ 1). In particular, a 1 (f ) = 0. It follows that the subspace V ′ of V consisting of the g in V with a 1 (g) = 0 is of dimension d − 1. For every element g of V ′ , we have 0 = a 1 (T n (g)) = a n (g) for all n not divisible by p. It follows that V ′ = F V 1 , with F as in (4.1.3), and V 1 the eigenspace of
Suppose that g is in V 1 and that a 1 (g) = 0. Then a n (g) = 0 for all n prime to p. But then θ(g) = 0, implying that g = 0, as p does not divide the weight of g (see [31] ). We have proved Cher Monsieur, Voici quelques résultats concernant les formes mod 2 de poids 1, en niveau premier. On utilise votre méthode pour trouver une base des formes mod 2, niveau p, poids 1, qui, elevéesà la puissance 2, sont la réduction de formes sur C de niveau p, poids 2.
Tous les conducteurs p premiers ≤ 1429 ontétéétudiés.
A.1 Représentations diédrales, de type S 4 et de type A 5
Soit k l'extension quadratique non ramifiée en dehors de p, de nombre de classes h = 2 m u, avec u impair.
Vous suggérez qu'on devrait alors trouver (u − 1)/2 formes modulaires mod 2, de poids 1 et conducteur p, correspondantà la représentation diédrale associée (que k soit réel ou imaginaire).
Dans tous les cas examinés, (i.e. p ≤ 1429), on a toujours trouvé les formes en question (plus précisément, (u − 1)/2 formes de poids 1 niveau p,à coefficients dans F q , q = 2 (u−1)/2 , conjuguées entre elles, dont les premiers coefficients a l sont compatibles avec ceux de la représentation diédrale).
Parfois, l'espace des formes de poids 1 est de dimension strictement plus grande que le nombre de systèmes de valeurs propres des T l .
Disons que, pour un conducteur p, on est dans le cas B(m) si un opérateur T l a une valeur propre a l telle que T l − a l est nilpotent de degré m ≥ 2.
B Computing Hecke algebras of weight 1 in MAGMA
By Gabor Wiese 2
B.1 Introduction
The aim of this appendix is twofold. On the one hand, we report on an implementation in MAGMA (see [4] ) of a module for the Hecke algebra of Katz cusp forms of weight 1 over finite fields, which is based on section 4 of this article.
On the other hand, we present results of computations done in relation with the calculations performed by Mestre (see appendix A) in 1987.
The program consists of two packages, called Hecke1 and CommMatAlg. The source files and accompanying documentation ( [42] and [43] ) can be downloaded from the author's homepage (http://www.math.leidenuniv.nl/∼gabor/).
The author would like to express his gratitude to Bas Edixhoven for his constant support.
B.2 Algorithm
In the current release MAGMA ( [4] ) provides William Stein's package HECKE, which contains functions for the computation of Hecke algebras and modular forms over fields. There is, however, the conceptual restriction to weights greater equal 2. Edixhoven's approach for the construction of a good weight 1 Hecke module, which is at the base of the implemented algorithm, relates the Hecke algebra of characteristic p Katz cusp forms of weight 1 to the Hecke algebra of classical weight p cusp forms over the complex numbers. The latter can for instance be obtained using modular symbols.
Katz modular forms
Following the notations of section 4, we denote by S k (Γ 1 (N), ǫ, F) By the space of classical cusp forms S k (Γ 1 (N), ǫ, R) over a ring R ⊆ C, we understand the sub-R-module of S k (Γ 1 (N), ǫ, C) consisting of the forms with Fourier coefficients (at infinity) in the ring R.
Let us mention that for a homomorphism of Z[1/N]-algebras R → S, we have the isomorphism ( [27] , Prop. 2.5, and the proof of [17] , Thm. 12.3.2)
Using the statements in 4.7, it follows in particular that we have the equality
Modular symbols
Given integers k ≥ 2 and N ≥ 1, one can define the complex vector space S k (Γ 1 (N)) of cuspidal modular symbols (see e.g. [36] , section 1.4). On it one has in a natural manner Hecke and diamond operators, and there is a non-degenerate pairing
with respect to which the diamond and Hecke operators are adjoint (see [36] , Thm. 3 and Prop. 10). We recall that the diamond operators provide a group action of (Z/N) * on the above spaces.
For a character ǫ : (Z/N) * → C * one lets, in analogy to the modular forms case, S k (Γ 1 (n), ǫ) be the ǫ-eigenspace. Let Z[ǫ] be the smallest subring of C containing all values of ǫ. It follows that the Z[ǫ]-algebra generated by all Hecke operators acting on S k (Γ 1 (N), ǫ, C) is isomorphic to the one generated by the Hecke action on S k (Γ 1 (n), ǫ). The same applies to the Z-algebra generated by the Hecke operators on the full spaces (i.e. without a character).
Notation B.2.1
We call the Hecke algebras described here above T(ǫ) and T respectively. ). For the full Hecke algebra T one has to take Bkϕ(N)/2.
Weight 1 as subspace in weight p
Let us assume the following Setting B.2.2 Let K be a number field, O K its ring of integers, P a prime of O K above the rational prime p and N ≥ 5 an integer coprime to p. Moreover, we consider a character ǫ : (Z/N) * → O * K . For a given field extension F of O K /P, we fix the canonical ring homomorphism φ : O K ։ O K /P ֒→ F. We denote by ǫ the composition of ǫ with φ. Recall that B was defined to be
We shall quickly explain how Edixhoven relates weight 1 to weight p in section 4 in order to be able to formulate our statements.
The main tool is the Frobenius homomorphism F :
defined by raising to the p-th power. Hence on q-expansions it acts as a n (F f ) = a n/p (f ), where a n/p (f ) = 0 if p ∤ n. Also by F we shall denote the homomorphism obtained by base extension to F. One checks that F is compatible with the character. The sequence of F-vector spaces
is exact, where Θ denotes the derivation described before Prop. 4.2. The image of F in
such that a n (f ) = 0 for all n with p ∤ n, where it suffices to take n ≤ B(p + 2) with B as before. Using the homorphisms
one obtains an isomorphism of Hecke modules (cp. Thm. 4.9) (B.2.1)
whereR denotes the sub-F-vector space of T ⊗ Z F generated by 1 ⊗ ǫ(l)− < l > ⊗1 for (l, N) = 1 and by T n for n ≤ B(p + 2) and p ∤ n. The action of the Hecke operators is the same as the one given in the proposition below. We would like to replace the full Hecke algebra T, which is expensive to calculate, by T(ǫ). One has a natural surjection T ⊗ Z Z[ǫ] ։ T(ǫ), which sends < l > ⊗1 to ǫ(l) · id. 
For a prime l = p, the natural action of the Hecke operator T l in weight p corresponds to the action of T l in weight 1. The natural action of the operator T p + ǫ(p)F on the left corresponds to the action of T p in weight 1. Here F :
Proof. With T andR as defined before the proposition, we have a surjection We treat a special case separately. 
B.3 Software Functionality
In this section we wish to present, in a special case, what Hecke1 computes. Please consult section 2 of [42] for precise statements.
INPUT: Let C be the space of cuspidal modular symbols of weight p = 2 and odd level N ≥ 5 for the trivial character over the rational numbers. COMPUTE: Let φ : Z → F 2 be the canonical ring homomorphism. We denote by T i the image under φ of the matrix representing the i-th Hecke operator T i acting on the natural integral structure of C. Define Bound = ), so that the subgroup of Z D×D (for D the dimension of C) generated by matrices representing the T n for n ≤ Bound equals the Hecke algebra of weight 2. Let A be the sub-F 2 -vector space of F D×D 2 generated by T n for n ≤ Bound. Define R to be the subspace of A generated by T n for all odd n ≤ Bound. Here w stands for a generator of the residue field in question. For the significance of these data, please see the following section.
B.4 Mestre's calculations
In this section we report on computations we performed in relation with Mestre's calculations exposed in appendix A. Mestre considered weight 1 modular forms for Γ 0 (N), where N is an odd prime.
According to the modified version of Serre's conjecture (see e.g. [22] ), one expects that for any 2-dimensional irreducible Galois representation
which is unramified at 2, there exists a weight 1 Hecke eigenform f ∈ S 1 (Γ 0 (N ρ ), F 2 ) ′ Katz giving rise to the representation ρ via Deligne's theorem. Here N ρ is the Artin conductor of the representation ρ.
Unfortunately, the implication ρ is modular, hence ρ comes from a form of weight 1 and level N ρ is unproved in the exceptional case p = 2.
There is a simple way to produce Galois representations, which are unramified at 2, with given Artin conductor N, when N is odd and square-free. One considers the quadratic field K = Q( √ N) resp. K = Q( √ −N ) if N ≡ 1 (4) resp. N ≡ 3 (4), which has discriminant (N). It is known that any dihedral representation Ind
Let now
is modular, where K|Q is a quadratic field and χ : G K → F 2 * is a character. However, as mentioned above, the weight and the level are not known to occur as predicted. Looking at the standard proof (see e.g. [12] , Theorem 3.14) of modularity, we see that obstacles occur if K is real and does not allow any non-real unramified quadratic extension. A feature of modular forms over fields of positive characteristic is that even for prime levels the Hecke algebra can be non-reduced. The Hecke algebra is finite-dimensional and commutative, hence it splits into a direct product T = r i=1 T i of local algebras. For a local algebra T i with maximal ideal m i , we introduce the number ω(T i ) = min{ n | (m i ) n = (0) }.
It is related to the number B(m) considered in appendix A: one is in the case B(m) with m ≤ ω(T) := max i (ω(T i )).
Mestre considered all prime levels up to 1429 and some higher ones. The dimension we find for the space (T(1) ⊗ Z F 2 )/R (see Prop. B.2.3) equals the dimension announced by Mestre. Moreover, he finds case B(m) if and only if we find m = ω(T) (from the definition of the two numbers, the equality does not follow in general). We also calculated the image of the Galois representations associated to the eigenforms we found. These images agree with Mestre's claims. More precisely, we compute that for prime level N less than 2100 there exists an eigenform with image equal to In all other prime cases, we find only dihedral images. However, we always find all the dihedral eigenforms predicted by the modified version of Serre's conjecture.
One of the main points of Mestre's letter to Serre was to conclude from the existence of an SL 2 (F 8 )-form that not all weight 1 forms arise as reductions of weight 1 forms from characteristic 0, even for an increased level because SL 2 (F 8 ) is not a quotient of a finite subgroup of PGL 2 (C). We can reformulate that by saying that whenever there is an SL 2 (F 8 )-form, the space of Katz modular forms of weight 1 is strictly bigger than the space of classical forms.
To finish with, we wish to point out that in prime levels the representations associated to eigenforms of weight 1 in characteristic 2 were always found to be irreducible and the Hecke algebra to be of type Gorenstein. For non-prime square-free levels both properties can fail.
